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The point-linear arboricity of a graph G = (V, E), written as p,(G), is defined as 
p,(G) =min{k / there exists a partition of V into k subsets, V =LJt, V,, such that (V,) is a 
linear forest for 1 <i <k}. In this paper, we will discuss the point-linear arboricity of planar 
graphs and obtained following results: 
p,,(G) = 2 if G is a outplanar graph. 
p,,(G) = 4 if G is a planar graph. 
1. Introduction 
Chartrand [l] studied the point-arboricity of planar graphs and showed that the 
point-arboricity of a planar graph does not exceed 3. 
Now we will discuss the point-linear arboricity. The point-linear arboricity of a 
graph G = (V, E), written by p,,(G), is defined as p,(G) = min{k 1 there exists a 
partition of V into k subsets, V = IJ;“=, v, such that (K) is a linear forest for 
l<i<k}. 
In the context, c shows that G - G, i.e. G is homomorphic to G. Throughout 
this paper, all the graphs are simple, and we assume that & is not isomorphic to 
K, - e for e E E(K,). 
In this paper, it will be proved that p,,(G) s 4 if G is a planar graph. 
2. Main results 
Lemma 1. G is a planar graph with order II. 
If [{v 1 v E V(G) and d(v) = n - 1}1> 2, then p,(G) < 2. 
Proof. Take ul, v2 E V(G) with d(v,) = d(vJ = n - 1, then it is obvious that 
d(v)<4 for v E V\{v,, v2}, (V\{v,, v2} ) does not contain cyclics for otherwise 
(V(C) u (2117 v2}) would be homomorphic to Kg. So, ({v,, v2}) and (V\ 
Iv,, 21~)) are linear forests. q 
Lemma 2. Let G be a maximal planar graph and 1 I/( > 3, then d(v) 3 3 Vu E V. 
Proof. It is obvious, and therefore is omitted here. 
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Lemma 3. Let G be a maximal planar graph with IVJ = n > 6, then 
max,., d(v) 2 5. 
Proof. By Euler’s formula we can obtain this conclusion. 
It can be proved that if G is a planar graph with JVJ = n s 8 then pO(G) < 2. 
However, there exists a planar graph with n = 9, its point-linear arboricity is 
larger than 2. See the diagram in Fig. 1. 
Fig. 1. 
Theorem 2. Zf G is an outplanar graph, then p,,(G) S 2. 
Broerer and Mynhardt [3] have given a proof of the theorem. Here we give 
another proof. 
Proof. By Theorem 11, 12 in [2], G contains neither Rd nor &. Without losing 
the generality, we assume G is connected and 1 V I> 4. 
If d(v) s 2 for Vv E V, then the conclusion of Theorem 2 obviously holds. 
We now assume that there exists a point ‘uO E V such that d(v,) 2 3. Let 
Ao= {II,}, A, =N(IJ,) where N(u) = {V ) (u, V) E E}, Ai+, =N(A;)\{Ai UA,_r} 
for i 2 1, where N(A) = LJVEA N(v). 
As V is limited, there exists an integer t such that A, # fl and Ai+l = 0. 
Furthermore, we obtain a partition of V: 
V = 6 Aj, A,nAj=@ ifi#j. 
i=o 
We are prior to prove that Vi E (1, 2, . . . , t}, (Ai) is a linear forest. Otherwise, 
there exists an Ai such that (Ai) contains either cyclics or K,,,. Let us assume 
that (Ai) contains a cyclic C with IV(C)( 2 3 and take ul, v2, v3 E V(C). By the 
definition of partition we know that there exists a point a E l$AAj, such that 
Va E (1, 2, 3) there exists a (a - v=) path P, in (UjzoAj) which satisfies the 
following properties: 
V(E) fl V(P,) = {a} if LY # j3. 
V(P,) fl A, = {v,} if (Y = 1, 2, 3. 
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Thus, C, P,, P2 and P3 form a subgraph which is homomorphic to K+ A 
contradiction is obtained. 
If (Ai) contains K1,3, with the similar method, we can prove that G contains 
&,3. The same contradiction is obtained. 
Let 
[t/21 
A = ,&%k 
B = l’+l3iz] A2k_-1 
k=l 
By definition we know E(Ai, Aj) = 0 if )i -jj 22. So (A) and (B) are all 
linear forests. Hence p,(G) c 2. 0 
In the following context, G is a simple planar graph, V = U:=,A, denotes a 
partion of V which can be obtained, similar to the proof of Theorem 2, where t is 
determined by a given graph. 
Lemma 4. Vi E (1, 2, . . . , t}, (Ai) is an outplanar. 
Proof. Otherwise, there is i such that (Aj) contains either k, or a2,3. Let us 
assume that (Ai) contains a subgraph H = & and denote the four points which 
are not subdivisible vl, 2r2, u3, 2rq. If i = 1 then (V(H) U {2ro}) homomorphic to 
KS is a contradiction. So, i > 1, by the definition of partion V = lJ/!=OAi, one of 
following two cases will arise: 
Case 1. There exists a point a E l&i,, Ak such that (tJjzoAi) contains 
(a, v,)-path P, for (Y = 1, 2, 3, 4, which satisfies the following properties: 
V(Pol)Cl V(H)= {Va} for = 1,2, 3,4 
V(Pa)fl V(P,)= {a} if #p. 
Case 2. There exist two different points a and b E uf<\A, such that there exist 
two points, without losing the generality we assume ur, v2, such that (Uj=oAi) 
contains (a, v,)-path P, for = 1, 2. Meanwhile, there exists (b, v,)-path Pp for 
/3=3,4 and (a, b)-path P+ These paths satisfy the following properties: 
V(6) f-l V(P2) = {a> 
VF’d n V(p4) = {bl 
V(P,) f-l V(P,) = 0 a= 1, 2, p = 3, 4. 
v(Po,J n v(P,) = {a> (Y= 1, 2 
V(p0.b) n V(P,) = {b) P = 3,4 
v(P,> n v(H) = {v,} a = 1, 2, 3, 4 
v(Pa,b) n v(H) = 0. 
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For Case 1, H U I’, U P2 U P3 U P4 is homomorphic to KS. For Case 2, 
H U PI U P2 U P3 U P4 U Pa,h contains K3.3. These two cases result in contradiction. 
So, (A;) does not contain R,. 
Similarly, we can prove that (Ai) does not contain R2,3. q 
Theorem 3. Let G be a planar graph, then pa(G) s 4. 
Proof. We can obtain the conclusion immediately from Theorem 2 and Lemma 
4. 0 
Corollary 1. Let G be a planar graph with IV(G)1 = n. If there exists a point 
v E V, such that d(v) 2 n - 3, then p,,(G) c 3. 
Proof. It is obtained immediately from Lemma 4. 0 
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